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Let G be a graph triangularly imbedded into a surface S, G0,,) is the graph constructed from 
G by replacing each vertex x by m vertices (x, 0), (x, 1) . . . . .  (x, m-  1) and joining two 
vertices (x, i) and (y, j) by an edge if and only if x and y are joined in G. The main result is 
that the construction of G~m) is possible whenever n is an odd prime and a well separating cycle 
(mod m) can be determined. 
1. Introduction 
Let us first state that our graphs will be finite, undirected, connected, without 
loops and/or multiple edges. A closed 2-dimensional manifold without boundary 
will be called simply a surface. The orientability characteristic of a surface S is 
the number + 1 if S is orientable, -1  if S is nonorientable. 
Let us consider a graph G which can be triangularly imbedded into a surface S. 
Let us consider an integer m > 1 and the graph Gtm )which is constructed from G 
by replacing each vertex x by m vertices (x, 0), (x, 1 ) , . . . ,  (x, m - 1) and joining 
two vertices (x, i) and (y, j) by an edge if and only if x and y are joined in G. The 
mapping (x, i) -~ x is the canonical projection of G<m) onto G. 
In [2] was stated the problem of constructing a triangular imbedding of G<m) 
into a surface S having the same orientability characteristic as S. The main 
application in view was to obtain genus formulae for Kn<m) from the known 
triangular imbeddings of Kn. 
Two general cases where the construction is possible are the following ones: G 
is Eulerian and m is odd [2]; G is an arbitrary graph and m has no divisor 2, 3 or 5 
[5]. In fact the divisor 5 would not be excluded if Tutte's conjecture about 
nowhere-zero 5-flows [10] was proved. For m = 2 one can think in view of [4, 
properties 4.2 and 4.3] that infinitely many construction are impossible. So it 
remains the case of the divisor 3 which is an open problem, irreducible to Tutte's 
conjecture. The study of this remaining case is a motivation for this paper. 
Let us consider a 1-cycle F of G, i.e., a subset of the edges of G inducing a 
subgraph with only even degrees. Let x be a vertex of G and let us turn around x 
and provide the angles incident to x with values +1 in such a way that two 
adjacent angles get distinct signs if and only if their common side is in F. Let Fx 
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be the sum of the values +1 which have been so determined around x. We say 
that r is a well separating cycle (mod m) if ]E(G)\F I is even and F~ = 0 (mod m) 
for every vertex x. 
The main result is that the construction of G(m) is possible whenever m is an 
odd prime and a well separating cycle (mod m) can be determined. If m = 3 we 
show that F can be constructed whenever G is 4-colorable. This is in particular 
the case when G is imbedded in the sphere [1]. 
If G is Eulerian, the defining properties of a well separating cycle (mod m) are 
obviously satisfied when F is the whole set of edges. Therefore the triangular 
imbedding of G(m) can be constructed for every odd prime, and more generally by 
composition for every odd integer. This was the main result of [2]. So the method 
developped here generalizes the one developed in [2]. 
2. Definitions and elementary properties 
We recall our usual definitions for dealing in a combinatorial way with 
triangular imbeddings of graphs. The reader is referred to [3] for a more complete 
exposition, especially for the results relative to the orientability of a triangulation. 
The background about imbeddings of graphs into surfaces can be found in [8, 11]. 
References [7, 9] can be consulted for further topological concepts. 
A simplicial complex K will be abstractly defined, finite, with a dimension 
lower than or equal to 2. K is a graph if the dimension of K is equal to 1. The sets 
V(K), E(K) and T(K) are the sets of vertices, edges and triangles, respectively. 
An edge with endpoints x and y will be denoted [x, y]. A triangle with vertices 
x, y and z will be denoted [x, y, z]. If x e V(K), the link of x is the graph Lk(x) 
defined by 
V(Lk(x)) = {y I[x, y] e E(K)}, E(Lk(x)) = {[y, z] I [x, y, z] e T(k)}. 
If each link is an elementary cycle, then K will be called a triangulation; in this 
case each edge will be a common side to exactly two triangles. We shall meet 
intermediate simplicial complexes where each edge belongs to exactly two 
triangles; they will be called pseudo-triangulations. The links of a pseudo- 
triangulation are not necessarily connected, but each connected component of a 
!ink is an elementary cycle. 
A complex above K is a pair consisting of a simplicial complex /( and a 
simplieial mapping p :/C---> K preserving the dimension of simplexes. The 
mapping p is called the projection, and a simplex $ e / (  is said to be above a 
simplex x e K if p ($ )=x.  We shall say that /( is a covering of K if for every 
e e E(K), t • T(K), E • T(I() such that ~ is above e and e is an edge of t, there 
exists one and only one triangle ~ which contains ~ and is above t. We note here 
for the reader who is familiar with topology that the coverings which are so 
defined may have branchpoints at some vertices of K, and our construction will 
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actually make each vertex a branchpoint. It is easy to verify that i f /< is a coveting 
of a triangulation K, then/< is a pseudo-triangulation. 
3. (m)-covering of a triangulation 
Every triangular imbedding of a graph G into a surface S gives rise to a 
triangulation K defined by K 1 = G and Ix, y, z] ~ T(K) if and only if x, y and z 
are vertices of a triangular face of G in S. Conversely if K is a triangulation then 
the space of K is a surface and we get a triangular imbedding of the graph K ~ into 
the space of K. Therefore the problem stated in the introduction can now be 
stated in the following terms: given a triangulation K and an integer m > 1, is it 
possible to construct a triangulation/~ such that/~1 = K~m) and the space o f / (  has 
the same orientability as K? 
We define a (m )-covering of a triangulation K as a covering/~ of K satisfying 
the three following properties: 
(i) /(7 is a triangulation, 
(ii) /~1 t = K(m), 
(iii) the projection p : / (  --> K extends the canonical projection (x, i) ~ x from 
K~m) onto K 1 
Lemma 3.1. If ~i is a (m)-covering of the triangulation K, then the space of [( 
has the same orientability as the space of K. 
This lemma is a reformulation of Corollary (VI. 6) in [3]. Therefore the 
problem stated in the introduction has a positive answer for every triangulation K 
admitting an (m )-covering . From now on we shall deal only with this property. 
4. Well separating eyde (rood m) 
Let us consider a triangulation K. An angle of K is an ordered pair (x, t) with a 
triangle t and a vertex x e t. We donote by A(K) the set of the angles of K. 
A 1-cycle of K is a subset F ~_ E(K) which determines in K 1 a subgraph with 
only even degrees. For each vertex x, let us turn around x and provide each angle 
(x, t) with a value o~(x, t )=  +1 in such a way that the sign changes only when 
traversing an edge of F. This is possible because the degree of F at x is even. A 
mapping tr: A (K) --, { + 1, - 1} so determined said to be derived from f. 
Let m > 1 be an integer. A well separating cycle (rood m) is a l-cycle F such 
that IE(K)kI" I is even and for each vertex x we have F~ = ~x~to:(x, t )=0 
(rood m). 
"l~eomm 4.1. Let K be a triangulation such that K 1 is not the complete graph of 
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order 4. Let p be an odd prime integer. If  there exists a well separating cycle 
(modp), then K admits a (p~)-covering for every tr > O. 
This theorem will be proved in Sections 5 and 6. 
Coro l l~  4.2. I f  K is a triangulation such that K ~ has only even degrees and if 
m > 1 is an odd integer, then K admits a (m)-covering. 
Proof. We consider the decomposition i to prime factors m =p~lp~2...pqq. For 
each integer a > 0 the graph K~,,) has only even degrees, and so E(K~o)) is a well 
separating cycle (modp) for every triangulation/( such that/(71= K~a). Therefore 
we can construct a sequence of triangulations Ko, K1 , . . . ,  Kq such that K0 = K 
and Ki is a (pT')-covering of Ki_~ for i = 1, 2 , . . . ,  q. The last triangulation Kq is a 
(m )-covering of K. [] 
The preceding corollary is rephrasing of the main result of [2]. 
Corollary 4.3. I f  K is a triangulation such that K ~ is a 4-chromatic graph distinct 
from K4, then K admits a (3 ~)-covering for every tr > O. 
Proof. Let y:V(K)  --~ C be a 4-coloring of the vertices of K 1. We consider the 
subset F of the edges x, y such that ~(z') = ~,(z") for the two triangles [x, y, z'] 
and [x, y, z"] which contain [x, y]. We prove that F is a well-separating cycle 
(rood 3), and so the result will follow as a consequence of Theorem 4.1. 
Let us consider a vertex x and let Y0, Y t , . . . ,  Yk-1 be the sequence of the 
vertices which are successively met when running along the cycle Lk(x). We 
denote by ti the triangle Ix, Yi, Yi+l] and consider that i + 1 is counted modulo k. 
The vertices of Lk(x) are colored with three colors, say a, b and c, and we 
consider some cyclic permutation O on these colors, say O = (abc). For each 
i = 0, 1 , . . . ,  k -1 ,  we set tr(x, 6)= ei, where ei = +1 is such that Y(Yi+t)= 
O~()'(yi)). Comparing these equalities we obtain y(yo)= O~°+~'++~k-'(y(yo) ). 
Since 0 is a permutation of order 3 this implies 
k-1 
(Ex) E tY(x, ti) = 0 (mod 3). 
i--0 
The mapping tr can be defined on the whole set of angles by doing as above for 
every vertex x. Two values tr(x, 6-1) and tr(x, 6) are opposite if and only if 
[x, Yi] e F. Therefore F is a 1-cycle and tr is derived from F. Since (Ex) is verified 
for every vertex x it remains to verify that IE(K)\F] is even. 
Let {a, b} be an unordered pair in C and c an element in C\(a, b}. Let E(a, b) 
be the subset of the edges whose end points are colored a and b and T(a, b, c) be 
the subset of the triangles of T(K) whose vertices are colored by a, b and c. 
Every triangle in T(a, b, c) contains exactly one edge in E(a, b). Conversely an 
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edge in E(a, b) is contained in exactly one triangle in T(a, b, c) if it is not in F, 
otherwise it is contained in zero or two triangles in T(a, b, c). Therefore 
IT(a, b, c)l- IE(a, b)\rl Cmod2). This equality holds for every {a, b} e C and 
c e C\{a, b}; this implies readily that IE(a, b)\rl (mod 2) does not depend upon 
the pair {a, b}. Since E(K)\F is partitioned into six subsets, E(a, b)\F, it has an 
even cardinality. [] 
We can generalize the preceding corollary by using a theorem proved in [5]. 
The reader is referred to this paper for the undefined terms. 
If K is a triangulation such that K ~ is 4-colorable then the dual cubic graph K* 
satisfies Fp for every prime p t> 5. Therefore it follows from [5] that K admits a 
(m )-covering K for every integer m > 1 which is relatively prime to 3, i.e., m is 
not multiple of 3. But ~1 = K~,,) is still 4-colorable and so the preceding corollary 
implies that K admits a (3~)-covering of ~ for every a~ > 0. Finally since ~ is a 
(3 "- m)-covering of K we obtain the general result. 
Corollary 4.4. I f  if, is a triangulation such that ff,~ is 4-chromatic graph distinct 
from K4, then K admits a (m)-covering for every m > O. 
The 4-color theorem [1] allows us to apply this result when the space of • is the 
sphere. 
Let K be any triangulation, inside each triangle of K put a new vertex joined to 
each vertices of that triangle, and let/~ be the new triangulation so obtained. It is 
not difficult to see that / (  has a well separating cycle (mod m, m odd) if and only 
if K has one. 
If K 1 is the complete graph of order 6, then it is easily verified that a well 
separating cycle (mod 3) cannot exist. However we do not know whether K 
admits a (3)-covering. We get thus an infinite class of triangulations without well 
separating cycle (mod 3) and we do not know other such triangulations. 
If K 1 is the complete graph of order 4, then Theorem 4.1 cannot be applied and 
it has been actually verified by Jungerman on a computer [6] that K4(3) cannot be 
triangularly inbedded into an orientable surface. 
If the dual cubic graph K* (see [5]) has a chromatic index equal to 3, then we 
can show the existence of a 1-cycle F satisfying the properties of a well separating 
cycle (mod 3) except that IE(K)\FI can be odd. If K* is a snark of small order 
#:10 (i.e., a cyclically 4-edge connected cubic graph of chromatic index 4) we 
have verified that a well separating cycle (mod 3) actually exists. 
S. Two pre"minmT lemmas 
Let there be given a triangulation K. If (x, t) is an angle of K with t = [x, y, z], 
then [x, y] and [x, z] are called the sides of (x, t). Clearly each edge is the side of 
four angles exactly. 
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Lennna 5.1. If F is a 1-cycle of K such that [E(K)-  rl is even and if 
~o:A(K)--* {+1, -1}  is derived of F, then we can find two mappings 
a~i :A(K) ---> {+1, -1},  i = 1,2, satisfying thefoUowing equalities for every angle a 
and every edge e = Ix, y] which is the common side of the four angles (x, h), 
(y, tl), (x, t2), (y, t2): 
(Ea) 
(E') 
(E") 
tro(a) = tel(a)t 2(a), 
ocl(x, tl)trl(x, t2)= -or20', tl)ot2(y, t2), 
tO  (Y, t2)= tO  (x, 
Proof. Since all the mappings take values 4-1, Equality (Ea) is equivalent to 
(F~) tr2(a) = tro(a)trl(a). 
After the elimination of tr2 in (E')  and (ED we can obtain: 
(F')  a'l(x, tl)aq(x, t2)a'l(y, tl)a'l(y, t2) = -fro(Y, tl)a~o(y, t2), 
(F~) tr,(x, tl)trl(x, t2)trl(y, tl)trl(y, t2)= -fro(X, t,)tro(X, t2). 
The way t~o is derived from F implies that the second members of (F')  and (F~) 
are equal to a same value, say fl(e). Moreover f l (e )=-1  if and only if 
e e E(K)\F.  So we have only to prove the existence of some trl satisfying the 
following equality for every edge e of K. 
(Ge) ffl( x, t,)trl(x, t2)aq0', tOtrl(y, t2) = fl(e). 
We consider first the case where IE(K)\FI = 2, so that we have exactly two 
edges e' and e" satisfying fl(e') = fl(e") = -1 .  Let F be the set of the edges such 
that there exists an alternate sequence of edges and angles: 
S = e0(xl, h)ea(x2, tz)e2"." (Xk, tk)ek satisfying e0=e ', ek = e, ei-a and ei are 
the two sides of (xa, ti) for i = 1, 2 , . . . ,  k. The two sides of every angle are both 
in F or both out of F. Since K is link-connected any two edges incident to a same 
vertex axe both in F or both out of F. Therefore the edges of a path are all in F or 
all out of F. Finally since K 1 is connected and F is non-empty, it contains all the 
edges. Consequently we can find and alter sequence as S ending at e". Setting 
trl(x, t) = -1  if (x, t) is in the sequence S and trl(x, t) = +1 otherwise, equality 
(Ge) is actually verified. 
In the general case where IE(K)\FI =2q we part F into q parts {e~, e~, 
i = 1, 2 , . . . ,  q, and we determine for each pair a mapping ~ satisfying for every 
edge e of K 
(G i) a~(x, h)a'~(x, t2)a~(y, h)a'~(y, t2) = if(e), 
where fli(e')= fli(eD =-1 and i f (e )= 1 for all the other edges. The mapping 
t~l = trla'~l-- • a// satisfies (Ge). [] 
We consider now an odd prime p and we set Z~ = Zn\{0 ). 
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I,¢mma 5.2. For every mapping e:A(K)-->Z~ there exists a mapping 
qg : T(K) ---> Zp satisfying Y,x~t e(x, t)cp(t) ~ O .for every x in V(K) unless p = 3 and 
K 1 is the complete graph of order 4. 
Proof. For each t in T(K) we define the function et: V(K)---> Z~, satisfying 
et(x) = e(x, t) if x ~ t and et(x) = 0 if x ~ t. Let er be the vector space generated by 
Let us suppose that either p > 3 or K 1 is not the complete graph of order 4. To 
prove the lemma amounts to find grin er satisfying t(x) 4:0 for every x in V(K). 
This will be done by showing that for every gt in er and every z in V(K) 
satisfying ~P(z) = 0 we can find gt, in er satisfying gt'(x) #: 0 if either ~(x)  4:0 or 
X' - -Z .  
If p > 3 we consider a triangle t = [x, y, z] which contains z and we choose in 
Zp an element u which is distinct from 0, tg(x)e(x, t) and gt0,)e(y, t) Then we 
can take gt, = g~ _ uet. 
We suppose now that p = 3 and K 1 is not the complete graph of order 4. Since 
the complete graph of order 4 yields the single triangulation with all vertices of 
degree 3. We can choose a vertex y joined to z which has a degree at least 4. We 
consider the two triangles t' = [x', y, z] and t" = Ix", y, z] which contain the edge 
[y, z], the second triangle u '= Ix', y, z'] which contains Ix', y] and the second 
triangle u"[x", y, z"] which contains Ix", y]. Since the degree of y is at least 4, the 
triangles t', t", u', u" are two by two distinct. It may occur that z' = z" but the 
angles (z', u') and (z", u") are distinct. 
If gt(y) = 0, then a simple computation shows that we can take ~ '  = ~ - ue,, 
where u is an element of Z3 which is distinct from 0 and tP(x')e(x', t'). So we 
suppose now that g t (y )~ 0. We note that changing e at the three angles of a 
same triangle does not change the vector space er. Therefore we can suppose that 
(1) e(y, t ' )=  e(y, t") = e(y, u ' )= e(y, u")= ~(y). 
If IP(x ' )= 0, then we can take gt ,= g~_ uet, where u is a~l.~lement of 7-,3 
distinct from 0 and ~P(y). If gt(x') = e(x', t'), then we can take ~ '  = gt + el,. 
Therefore we can suppose that 
(2) e(x', t') = -~(x ' )  and similarly e(x", t") = -tP(x"). 
If ~(x ' )=-e(x ' ,u ' ) ,  then we choose u in 7-,3 distinct from 0 and 
~g(z')e(z', u'). So we can take gt ,= gt_  u(e , , -  et,). Since we know already 
that gt(x') :/= O, we can suppose now that 
(3) e(x', u ' )= gt(x') and similarly e(x", u")= gt(x"). 
If gl(z') = 0, then we can take ~ '  = gt _ (e,,, - e,,) if ~(z ' )  = -e (z ' ,  u), then 
we can tal~e gt, = gt_  et , -  e,,,. Therefore we can suppose now that 
(4) e(z', u ' )= gt(z') and similarly e(z", u")= ~(z"). 
Finally, assuming (1)-(4) we can take gt, = gt + e,,, + eu- + e,,. [] 
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6. Proof of  Theorem 4.1 
Let us first notice that the theorem must essentially be proved for a~ = 1 and 
that it follows by induction for a~ > 1. Indeed if F is a well separating cycle 
(mod p) of K and if ~ is a (p ~)-covering of K then I ~, the reciprocal image of F by 
the projection K --> K is a well separating cycle (modp) of ~. Therefore we can 
construct a (p)-covedng h~ of ~ and it is clear that K is a (p"+~)-covering of K. 
So we consider F which is a well separating cycle (modp) of K and we search 
for a (p )-covering ~ of K. Let a~i :A(K) --> {+1, -1}, i = 0, 1,2, be defined as in 
Lemma 5.1. Following Lemma 5.2 we can consider a mapping tp :T (K) - ,  Z~, 
satisfying ~x~, m2(x, t)~p(t) ~ 0 for every x in V(K). We shall prove that ~ can be 
defined in the following way: 
v(~) = v(K) x z,,  
[(x, i), (y, j)] e E(K) <=~ Ix, y] e E(K), 
[(x, i), (y, j), (z, k)] e T(~)<=~t= Ix, y, z] ~ T(K), and 
a:l(X, t)i + oil(y, t)j + (]~'l(Z, t)k = cp(t). 
This method of construction of K generalizes the one used in [2] and is similar 
to the method of [5]. It is readily verified that K is a covering pseudo- 
triangulation of • such that ~1= Kl(m). Moreover the projection q:~--> K 
extends the canonical projection (x, i)--> x from K~m) onto K 1. Therefore it 
remains to verify that ~ is a triangulation for proving that it is a (p )-covering of 
K. For this we consider an arbitrary vertex (x, i) of K, a connected component t~ 
of Lk(x, i), and we prove that every vertex of ~ joined to (x, i) by edge of K is 
also a vertex of t~. 
In K let us run along Lk(x) and denote Xo, x l , . . . ,  Xk-~ the vertices which are 
successively met after a complete turn. For each s = O, 1 , . . . ,  k - 1 considered 
i 
i O[i(X , ts), b i = o{i(Xs, t~), c~ a~i(xs+x) for modulo k we  set  t~ = Ix, xs, xs+l], as = = 
i = 0, 1, 2 (see Fig. 1). 
Since tro, trl, a~2 verify Lemma 5.1 we have the following equalities for each 
s = 0, 1 , . . . ,  k - 1 considered modulo k: 
(1) o_  1 2 as - asas, 
bsas = -Cs - las -1 .  (2) 1 2 1 2 
Since tr0 is derived from the well separating cycle F (mod p) we have also 
k-1  
0 (3) ~ as=O. 
$~0 
Let us choose a sense for running along t~ in order to meet successively a
sequence of vertices such as (x0, jo), (xl, 11) , . . . ,  (Xk-1, jk-1),  (Xo, j~). The  
definition of K implies the following equality for each s = 0, 1 , . . . ,  k - 1 with the 
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X 
o 
0 I - k -1  
i 
t bk-i 
o tk-i / / \ 
/ \ 
/ \ 
i X 
I x -I 
I s -  s +1 
' / \ 
X ~ " t s_  1 t s+ l  s+ l  s+l~bs1_l ts C i s 
i C i 
X s ~ ~S+l 
Fig. 1. 
convention that Ik = ]~: 
1. (es) a~i + b~l'~ + cds+l = qg(&). 
2 Let us multiply the two members of each (Es) by as and add the resulting 
equalities. We obtain 
k- -1  k - -1  k - -1  i~ 12 1 2 • 12  -t 1 2 asas + ~ " 1 2 . _  Is(b,as + cs-las-1) + lob6ao + lOCk-,ak-1 ~'~ a~cp(ts). 
s=0 s=l  s=0 
The first summation vanishes by (1) and (3). Each term of the second 
summation vanishes by (2). Following the choice of q9 the second member is 
equal to some value 0 :/: 0. Moreover we have b~a 2 = 1 2 --Ck_lak_ 1 by (2). Finally it 
remains ]~ - /0  = 0. 
Let us consider the vertices of C whose first component is Xo. When running 
along (~ we meet these vertices following the order (xo, jo), (Xo, jo+ 
0) , . . . ,  (Xo, lo + qO), . . . .  Therefore we meet all these vertices ince 0 =# 0. The 
same is true for each xs, s = 0, 1 , . . . ,  k - 1. And so C contains all the vertices of 
which are joined to (x, i). [] 
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